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Abstract 
Hoffman, D.G., CC. Lindner and K.T. Phelps. Blocking sets in designs with block size four 
II, Discrete Mathematics 89 (1991) 221-229. 
In this paper, we give constructions of block designs with block size 4 and index 1, for L = 3, 6 
which have a blocking set for all admissible orders (with at most 5 possible exceptions). A 
design which admits a blocking set is 2-colorable. These results, in conjunction with an earlier 
paper [l], settle the existence question for 2-colorable block designs with block size 4 for all I 
(with a handful of possible exceptions). 
1. Introduction 
In what follows we will abbreviate ‘block design with block size 4 and index A’ 
to ‘A-fold block design’. Let (P, B) be a A-fold block design. The subset X of P is 
called a bZocking set if and only if for each b E B, b II X # 0 and b II (P\X) # 0. 
In [l] the authors settled the existence problem (modulo a handful of exceptions) 
for A-fold block designs admitting a blocking set for A = 1 and 2. In particular: the 
spectrum for l-fold block designs admitting a blocking set is the set of all n = 1 or 
4 (mod 12) (except possibly n = 37, 40, and 73) and the spectrum for 2-fold block 
designs admitting a blocking set is the set of all n = 1 (mod 3). 
The object of this paper is the continuation of the investigation of blocking sets 
in A-fold block designs by giving a complete solution for A = 3 and 6. Specifically, 
we prove that the spectrum for 3-fold block designs admitting a blocking set is 
precisely the set of all n = 0 or 1 (mod 4) and the spectrum for 6-fold block 
designs admitting a blocking set is precisely the set of all n Z- 4. 
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Since the spectrum for A-fold block designs is: 1 or 4 (mod 12) for A = 1 or 5 
(mod 6), 1 (mod 3) for A = 2 or 4 (mod 6), 0 or 1 (mod 4) for A = 3 (mod 6), and 
all n 3 4 for A = 0 (mod 6) the results in this paper coupled with the results in [l] 
give a complete solution to the existence problem of A-fold block designs 
admitting a blocking set, except for IZ = 37,40, and 73 when h = 1 or 5 (mod 6). 
2. Blocking sets for A = 3 
We begin with some examples. 
Example 2.1. 
II= 4. 
fl= 5. 
ti= 8. 
l--ET-J 
1:; z :I 
Blocking set { 1,2} 
1 2 3 4 
1 2 3 5 I 1 2 4 5 1 3 4 5 2 3 4 5 
I I 
Blocking set { 1,2} 
1248 3567 
2358 1467 
3 4 6 8 1 2 5 7 
4578 1236 
5618 2347 
6728 1345 
7138 2456 
Blocking set {1,2,3,4} 
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n=9. 
1234 2468 
1289 2479 
1389 2578 
1456 2569 
1457 4589 
1235 3579 
1678 3568 
1679 3469 
2367 3478 
Blocking set {1,2,3,9} 
II= 12. 
(i, i), (l+i,j), (i, l+j), (2+i, l+j) 
(i, j), (3 + i, j), (i, 1 + j), (3 + i, 1 + j) 
(1 + i, j), (2 + i, j), (3 + i, j), (i, 1 + j) 
(1 +i,j), (2 + i, j), (4+i, j), (3 +i, 1+ j) 
i E Z6 (mod 6) and j E 2, (mod 2) 
Blocking set {(i, 0) ( i E Z,} 
n=17. (i, j), (4+&j) (i, l+j), (4+i, l+j) 
(i, j), (2+i, j), (5+i, j), (3+i, l+j) 
(i, j), (l+i, j), (2+i, j), (3+i, l+j) 
(i, j), (1 + i, j), (4 + i, j), (1 + i, 1 + j) 
m> (i, j), (2 + i, j), (4+i, l+j) 
i E Zs (mod 8) and j E Zz (mod 2) 
Blocking set ((1, 0) 1 i E Z,} 
n=24. (6 i), (1+&j), (6+i,j), (2+i, l+j) 
(1 + i, j), (2 + i, j), (4 + i, j), (i, 1 + j) 
(1 + i, j), (2 + i, j), (5 + i, j), (10 + i, 1 + j) 
(1 + i, j), (4 + i, j), (8 + i, j), (10 + i, 1 + j) 
(1 + i, j), (3 + i, j), (5 + i, j), (i, 1 + j) 
(i, j), (6+i, j), (i, l+j), (6+i, l+j) 
(i, j), (5+&j), (i, l+j), (5+i, l+j) 
i E Z12 (mod 12) and j E Zz (mod 2) 
Blocking set {(i, 0) 1 i E Z12}. 
224 D.G. Hoffman et al. 
With these examples in hand we now give the main constructions for A = 3. 
The 4k Construction. Let (X, G, T) be a GDD with block size 3 and index A = 3; 
i.e., each pair of elements belonging to different groups belongs to exactly 3 
blocks of T. The mapping (Y: T+ X is called a nesting if and only if (X, G, T*) is 
a GDD with block size 4 and index A’ = 2A = 6 where T* = {{a, b, c, ta} 1 t = 
{a, b, c} E T}. Now, let (X, G, T) be a GDD order 2k with group size 2 or 4, 
block size 3, and index h = 3. Further, let (Y be a nesting of (X, G, T). Let 
P = X x { 1, 2) and define a collection of blocks B as follows: 
(1) For each g E G let (g X { 1, 2}, g*) be a 3-fold block design (of order 4 or 8, 
Example 2.1) with blocking set g x {l}, and 
(2) for each triple t = {x, y, z} E T place each of the blocks 
and 
{(x, l), (Y, 11, (2, 11, tw 2)) 
{(x, 2)) (Y, 2)> (z,2), (tm, 1)) 
in B. 
Then (P, B) is a 3-fold block design of order 4k and X X {l} is a blocking set. 
The 4k + 1 Construction. Exactly the same as the 4k Construction but with 
P = {m} u (X x {1,2}) and (1) replaced by: For each g E G let ({a)} U (g x 
{1,2}), g*) be a 3-fold block design (of order 5 or 9, Example 2.1) with blocking 
set g X (1). 
Then (P, B) is a 3-fold block design of order 4k + 1 and X x { 1) is a blocking 
set. 
Theorem 2.2. The spectrum for 3-fold block designs admitting a blocking set is 
precisely the set of all n = 1 (mod 4). 
Proof. In [3] Lindner, Rodger, and Stinson constructed a skew Room square 
with holes of size 2 or 4 of every order 2k $ {2,4,6,8, 12). (The reader is 
referred to [3] for suitable details.) So, let R be a skew Room square of order 2k 
based on X = {1,2, 3, . . . ,2k} with holes G = {gi, g,, . . . , g,,,} of size 2 or 4. 
Let T = {{x, Y, r> ( x and y belong to different holes of G and {n, y} occurs in 
row I of R}. Then (X, G, T) is a GDD of order 2k with group size 2 or 4, block 
size 3, and index A = 3. If we define (Y: T += X by {x, y, r}a = c, where c is the 
column of R containing {x, y}, then (Y is a nesting of (X, G, T). Then the 4k and 
4k + 1 Constructions produce a 3-fold block design admitting a blocking set of 
every order n $ (4, 5, 8, 9, 12, 13, 16, 17, 24, 25). The cases n = 4, 5, 8, 9, 12, 17, 
and 24 are taken care of by Example 2.1, and n = 13, 16, and 25 appear in [l] 
(triple each block). Cl 
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3. Blocking sets for 3, = 6 
As with the 1= 3 case, we begin with some examples. 
Example 3.1. 
A = 6. All 4-element subsets of { 1,2,3,4,5,6}. Blocking set { 1,2,3}. 
n=ll. (i+l,j),(2+i,j),(4+i,j),(1+i,l+j) 
2 times 
(1+i,j), @+i,j), (3+i,j), (i, 1 + j) 
w, (1 + i, j), (4 + i, j), (i, 1 + j) 
(2 + i, j), (3 + i, i), (i, 1 +i) 
(Z+mi,j), (3+&j), (2+i, l+j), (3+i, l+j) 
i E 2, (mod 6) and j E Z2 (mod 2) 
Blocking set {(i, 0) 1 i E 2,) 
n = 14. Let (Z13, B) be a l-fold block design with blocking set K\(a) [l]. 
to, l+i, 2+i, 5+i 
Blocking set K = (03, 0, 1, 2, 6, 9, ll} 
n=15. (1 + i, j), (2 + i, j), (4 + i, j), (i, 1 + j) 
(5 times) 
WI (6 j), (2 + i, i), (6 1 + j) 
w, (i, i), (3 + i, j), (i, 1 +j) 
(i, j), (1 + i, j), (1 + i, 1 + j), (i, 1 + j) 
i E 2, (mod 7) and j E Z2 (mod 2) 
I I 
Blocking set {(i, 0) ( i E Z,}. 
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n=l& 
(1 + i, i), (2+&j), (3 +i,j), 
(1 + i, j) (3 + i, j), (5 + i, j), 
(1 + i, j), (2 + i, j), (6 + i, j), 
(1 + i, j), (2 +i,j), (4+ i,j), 
(1 + i, j), (3 + i, j), (7 + i, j), 
(2 + i, j), (6 + i, j), (5 + i, j), 
(i, j), (3 + i, j), (6 + i, j), 
(i, j), (1 + i, j), (i, 1 +j), 
(i, j), (2 + i, j), (i, 1 +j), 
(i, j), (4 + i, j), (i, 1 + j), 
(5 + i, 1 -I-j) 
(i, 1 + j) 
(i, 1 + j) 
(5+i, l+j) 
(i, 1 + j) 
(i, 1 + j) 
(1+ i, lt j) 
(l+i, l+j) 
(2+i, l+j) 
(4+i, l+j) 
i E Z9 (mod 9) and j E Z, (mod 2) 
Blocking set {(i, 0) 1 i E Z,}. 
n=19. (l+ i, j), (2 + i, i), (4 + i, i), (i, 1 +i) 
5 times 
(1+&j), (2+&j), (4+i,j), (7+i, l+j) 
co, (i, j), (2 + i, j), (i, 1 + j) 
03, (i, j), (4 + i, j), (i, 1 + j) 
ry ::? 
(l+i, j), (5+i, j), (2+i, l+j) 
(f: j): 
(1 + i, j), (5 + i, j), (4 + i, 1 + j) 
(2+i, j), (5+i, j), (3+i, l+j) 
(i, j), (3 + i, j), (i, 1 + j), (3 + i, 1 + j) 
i E Z9 (mod 9) and j E Z, (mod 2) 
Blocking set {(i, 0) 1 i E Z,} 
We now proceed to the main constructions for A = 6. 
The 4k + 2 Construction. Let (X, G, T) be a GDD of order 2k + 1 with block 
size 3, A = 6, and such that 2 * lgl belongs to the known spectrum of 6-fold block 
designs admitting a blocking set of size lgl. Further let (Y be a nesting of 
(X, G, T) (A’ = 23, = 12, see definition in 4k Construction). Let P =X x (1, 2) 
and define a collection of blocks B as follows: 
(1) For each g E G let (g x { 1, 2}, g*) be a 6-fold block design with blocking set 
g x (11, and 
(2) for each triple t = {x, y, z} E T place each of the blocks {(x, l), (y, l), 
(z, I), @a; 2)) and {(x, 2) (Y, 3 (z, 9, tm, 1)) in B. 
Then (P, B) is a 6-fold block design of order 4k + 2 and X x (1) is a blocking 
set. 
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The 4k + 3 Construction. Exactly the same as the 4k + 2 Construction but with 
P = {co} u (X X {1,2}) and (1) replaced by: For each g E G let ((00) U (g x 
(1, 2}), g*) be a 6-fold block design with blocking set g x (1). 
Then (P, B) is a 6-fold block design of order 4k + 3 and X x {l} is a blocking 
set. 
Example 3.2. The following three examples of 6-fold triple systems which can be 
tested are necessary for the proof of Lemmas 3.3 and 3.4. 
n =4. 
n= 5. 
1 2 3 
1 3 4 
1 4 2 
2 1 4 
2 3 1 
2 4 3 
1 2 3 
1 3 5 
1 4 2 
1 5 4 
2 1 5 
2 3 4 
2 4 1 
2 5 3 
3 1 4 
3 2 1 
- 
4 
2 
3 
3 
4 
1 
- 
- 
5 
4 
3 
2 
3 
1 
5 
4 
5 
4 
- 
3 1 2 4 
3 2 4 1 
3 4 1 2 
4 1 3 2 
4 2 1 3 
4 3 2 1 
3 4 5 2 
3 5 2 1 
4 1 3 2 
4 2 5 1 
4 3 2 5 
4 5 1 3 
5 1 2 4 
5 2 4 3 
5 3 1 2 
5 4 3 1 
n = 7. Let (S, T) be a Steiner triple system of order 7 which can be nested [4]. 
Repeat each triple 6 times. 
Lemma 3.3. There exists a GDD (X, G, T) of order 2k + 1 with block size 3, 
A = 6, and 2k + 1 > lgl> 2 for all g E G which can be nested for all k 2 9, k # 13 
or 14. 
Proof. If 2k + 12 19 and k # 13 or 14, we can always write 2k + 1 = 4n + t, 
where n # 1, 2, 3, 6, or 10 and 3 c t 6 n. Let (X”, G*, B*) be a transversal design 
(TD) of order 5n with groups of size n (equivalent to three mutually orthogonal 
quasigroups of order n). Denote by (X, G, B) the GDD obtained from 
(X*, G*, B*) by deleting n - t elements from one of the groups of G. Replacing 
each block of B with a 6-fold triple system of order 4 or 5 (as the case may be) 
which can be nested produces the required GDD (X, G, T). 0 
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Lemma 3.4. There exists 4 GDD (X, G, T) of order 2k + 1 with block size 3, 
~=6,and2k+l>Igl~2foraZlg~Gwhichcanbenestedforallk~5. 
Proof. The proof consists in removing k = 5, 6, 7, 8, 13, and 14 as exceptions in 
Lemma 3.4. 
n=ll. 
x= 211, G = I@, 41, {1,5>, C&6), {3,7}, (8, %lO>>, and 
B = ((10, i, 1 + i; 2 + i}, {i, 10, 1 + i; 3 + i}, {i, 1 + i, 10; 2 + i}, 
{i, 2 + i, 5 + i; lo}, (9, i, 2 + i; 5 + i}, {i, 9, 2 + i; 7 + i}, 
{i, 3 + i, 9; 1 + i}, {i, 5 + i, 3 + i; 9}, (8, i, 5 + i; 3 + i}, 
{i, 8, 7 + i; 6 + i}, {i, 6 + i, 8; 5 + i}, {i, 7 + i, 6 + i; 8) 1 i E 2,). 
Set T = {{a, b, c} 1 {a, b, c; d} E B} and define (Y by {a, b, c}a: = d if and only if 
{a, b, c; d} E B. Then (X, G, T) is a GDD of order 11 with block size 3, A = 6, 
and group size 2 or 3 and (Y is a nesting. 
n=13. 
x = 213, G = {{0,5)> {1,6), {2,7), {3,8>, {4,9>, 
(10, 11,12}}, and 
B = ((12, i, 1 + i; 7 + i}, {i, 12, 3 + i; 2 + i}, {i, 1 + i, 12; 2 + i}, 
{i, 2 + i, 8 + i; 12}, (11, &9+i;6+i},{i,11,9+i;l+i}, 
{i, 3 + i, 11; 7 + i}, {i, 4 + i, 6 + i; ll}, (10, i, 3 + i; 1 + i}, 
{i, 10, 1 + i; 4 + i}, {i, 6 + i, 10; 9 + i}, {i, 7 + i, 4 + i; lo}, 
{i, 8 + i, 2 + i; 6 + i}, {i, 9 + i, 7 + i; 8 + i} 1 i E ZIO}. 
Define T and (Y as in the it = 11 case. 
n = 15. In [3] a GDD (X, G, T) is constructed with 1X1= 15, group size 3, 
block size 3, and A = 1 which can be nested. Take each block 6 times. 
n=17. 
X = Z17r G = {{0,7], {1,8), (2291, (3, lo>, (4, ll}, (5, 12}, 
(6, 13}, (14, 15, 16}}, and 
B = { { 16, i, 1 + i; 6 + i}, {i, 16, 1 + i; 3 + i}, {i, 1 + i, 16; 9 + i}, 
{{i, 2 + i, 4 + i; 16}, (15, i, 3 + i; 2 + i}, {i, 15, 2 + i; 6 + i}, 
{i, 3 + i, 15; 12 + i}, {i, 4 + i, 12 + i; 15}, (14, i, 10 + i; 4 + i}, 
{i, 14, 6 + i; 1 + i}, {i, 5 + i, 14; 4 + i}, {i, 6 + i, 11 + i; 14}, 
{i, 8 + i, 3 + i; 13 + i}, {i, 9 + i, 13 + i; 5 + i}, 
{i, 10 + i, 8 + i; 11 + i}, {i, 11 + i, 10 + i; 8 + i}, 
{i, 12 + i, 9 + i; 10 + i}, {i, 13 + i, 5 + i; 2 + i} 1 i E Z14}. 
Define T and (Y as in n = 11. 
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n =27. In [3] a GDD (X, G, 7) is constructed with 1x1 = 27, group size 3, 
block size 3, and A = 1 which can be nested. Take each block 6 times. 
n =29. Let (X*, G*, B*) be a resolvable transversal design (RTD) of order 35 
with groups of size 7 (equivalent to 4 mutually orthogonal quasigroups of order 7. 
Denote by R* any parallel class of blocks. Denote by (X, G, B) the GDD 
obtained from (X*, G*, B*) by deleting 6 elements from one of the groups of G 
and by R the parallel class obtained from R*. Then (X, R, (B\R) U G) is a GDD 
of order 29, the groups in R have size 4 or 5, and the blocks in (B\R) U G have 
size 4, 5, or 7. Replacing each block of B with a 6-fold triple system of order 4, 5, 
or 7 (as the case may be) which can be nested produces the required GDD. Cl 
Theorem 3.5. The spectrum for 6-fold block designs admitting a blocking set is 
precisely the set of all n 3 4. 
Proof. Because of Theorem 2.2 we need consider only the cases n = 2 or 3 
(mod 4). We begin by taking care of the cases n = 6, 7, 10, 11, 14, 15, 18, and 19. 
The cases IZ = 6, 11, 14, 15, 18, and 19 are taken care of by Example 3.1 and 
it = 7, 10, and 19 can be found in [l] (triple each block). We can now assume 
it = 2 or 3 (mod 4) 3 22 and that we have constructed 6-fold block designs of 
every order 2m + i <n, i = 0 or 1, with a blocking set of size m. Write 
IZ = 2(2k + 1) or 2(2k + 1) + 1. Since IZ Z= 22, 2k + 1 a 11. Hence by Lemma 3.4 
there exists a GDD (X, G, T) of order 2k + 1, block size 3, A = 6, and (g] 2 2 for 
all g E G which can be nested. Since IgJ < 2k + 1, 2 . lgl <n and so there exists a 
6-fold block design of order 2 . (gl with a blocking set of order Igl. Applying the 
4k + 2 or 4k + 3 Construction completes the proof. 0 
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